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We get that for any element a ∈ Fq and any primitive element b ∈ F∗q , there exists a
primitive normal polynomial f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x + (−1)nσn with
σn−1 = a, σn = b for n ≥ 5. The estimates of hybrid extended Kloostermann sums over
finite fields and some new variations of Cohen’s sieve techniques help to get the above
result.
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1. Introduction
Let Fqn be a finite degree extension over finite field Fq with q = pk elements where p is a prime number and k a positive
integer. It is known that every generator of F∗qn = Fqn \{0}, which is amultiplicative cyclic group, is called a primitive element.
On the other hand, Fqn can also be viewed as a vector space of dimension n over Fq. An element α ∈ Fqn is called normal if
{α, αq, . . . , αqn−1} forms a set of Fq-basis of Fqn . α is called a primitive normal element if it is both primitive and normal.
Let f (x) be a monic polynomial over Fq. f (x) is called a primitive normal (primitive, normal) polynomial if it is the minimal
polynomial of a primitive normal (primitive, normal) element.
Let f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nσn. For 1 ≤ i ≤ n, we call σi the ith coefficient of f (x). Especially,
σ1 and σn are called the trace and norm of f (x) respectively.
Because of the many applications such as fast Fourier transformation, coding theory and cryptography for doing
computations efficiently in finite fields, primitive normal elements and primitive normal polynomials over finite fields were
widely discussed [2–4,7,6,9,8]. In 1987, Lenstra and Schoof [8] proved that there exists a primitive normal basis of Fqn over
Fq for every prime power q and every positive integer n, which we call primitive normal basis theorem.
Several papers discussed the existence of a primitive normal polynomial with specified trace and norm [2–4]. By using
the p-adic method, Fan et al. [7] in 2007 proved the existence of a primitive normal polynomial of degree n with the first
two coefficients σ1, σ2 prescribed for n ≥ 7. In another paper [6], they obtained a general result:
Known result 1. For any given positive integer n ≥ 2, there exists a primitive normal polynomial over Fq of degree n with
the first b n2c coefficients prescribed for q large enough.
From the above result, we know that asymptotically, there exists a primitive normal polynomial with any one or several
of the first b n2c coefficients specified. It is natural to ask the following question:
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Question 1. For any given n ≥ 2, whether there exists a primitive normal polynomial with one or several of the last b n2c
coefficients prescribed?
For the last coefficient, i.e., the norm σn, the existence of a primitive normal polynomial with the norm prescribed as any
primitive element can be easily proved. In this paper we will investigate the existence of a primitive normal polynomial
with the last two coefficients σn−1, σn prescribed.
In the case of primitive polynomial, the existence of a primitive polynomial with the second last coefficient σn−1
prescribed can be deduced from the existence of a primitive polynomial with a prescribed trace and a prescribed norm
(as a primitive element) since the reciprocal polynomial of a primitive polynomial is also a primitive polynomial. But this
method cannot be used in the case of primitive normal polynomial since the reciprocal polynomial of a primitive normal
polynomial may not be a primitive normal polynomial.
In this paper, we first transfer the existence of a primitive normal polynomial with the last two coefficients prescribed
to the existence of a primitive normal element solution of some system of equations, which consists of one trace equation
with variable x−1 and one norm equation with variable x. We introduce a new variation of Cohen’s sieve technique which
acts both on Q (the largest integer such that Q |qn − 1 and (Q , q − 1) = 1) and xn − 1 to make the computation easier
and to cover more cases n = 5, 6 than those in [7]. Using the estimates of hybrid extended Kloostermann sums, the new
introduced version of Cohen’s sieve techniques and some simple computation, we finally prove that for any given positive
integer n ≥ 5 and any prime power q, there exists a primitive normal polynomial of degree n over Fq with the last two
coefficients prescribed.
2. Preliminaries
2.1. Estimate of character sums over finite field
Let Fq be a finite field of q elements of characteristic p and Fqn its extension of degree n. Any additive character of Fq can
be characterized by ψa(x) = e2pi iTrq|p(ax)/p,∀x ∈ Fq,where Trq|p(·) is the trace function of Fq over Fp. It is easy to see that
Fˆq = {ψa}a∈Fq consists of all additive characters over Fq and ψa is nontrivial if and only a 6= 0. Especially, we call ψ1 the
canonical additive character. Any additive character ψ over Fq can be lifted to an extension field Fqn by
ψn(γ ) = ψ(Trqn|q(γ )), γ ∈ F∗qn .
Let g be a primitive element of F∗q = Fq \ {0}. Any multiplicative character of F∗q has the form χ j(g l) = e2pi ijl/q−1 for
0 ≤ l ≤ q − 2. Fˆ∗q = {χ j|0 ≤ j ≤ q − 2} consists of all the multiplicative characters of Fq and forms a multiplicative cyclic
group with order q− 1. χ j is nontrivial if and only if j 6= 0. Similarly, any multiplicative character χ of Fq can be lifted to an
extension field Fqn by
χn(γ ) = χ(Normqn|q(γ )), γ ∈ F∗qn .
where Normqn|q(·) is the norm function from F∗qn to F∗q .
For the additive character and multiplicative character, we have
Lemma 1 ([10]). Let ψ be the canonical additive character of Fq. For any given ω ∈ Fq, ξ ∈ F∗q , we have∑
c∈Fq
ψ(cω) =
{
q if ω = 0;
0 otherwise .
and ∑
χ∈Fˆ∗q
χ(ξ) =
{
q− 1 if ξ = 1;
0 otherwise .
Next we will give the estimates of some character sums.
Lemma 2 ([10]). Let ψ be the canonical additive character and χ be a multiplicative character of Fq.
1. ∣∣∣∣∣∣
∑
ω∈F∗q
ψ(ω)χ(ω)
∣∣∣∣∣∣ ≤ q1/2.
2. Let α, β ∈ Fq. Suppose that any of α, β is nonzero or χ is nontrivial. Then∣∣∣∣∣∣
∑
ω∈F∗q
ψ(αω + βω−1)χ(ω)
∣∣∣∣∣∣ ≤ 2q1/2.
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2.2. Characteristic functions of primitive, normal element
In this subsection, we give characteristic functions of primitive and normal elements over finite fields respectively. We
first deal with the case of primitivity.
Let χ ∈ ˆF∗qn be a multiplicative character of Fqn . The order of χ , denoted by ord(χ), is defined to be the smallest integer
d such that χd = χ0, where χ0 is the trivial character which means χ0(x) = 1 for all x ∈ F∗qn . It is familiar that the order of
each character χ ∈ ˆF∗qn is a divisor of qn − 1 and for any d|qn − 1 there exist exactly ϕ(d) multiplicative characters of Fqn
with order d, where ϕ(·) is the Euler function.
Similarly, let ω ∈ F∗qn . The order of ω, denoted by ord(ω), is defined to be the smallest integer d such that ωd = 1. It is
easy to see that ord(ω)|qn − 1. Let e|qn − 1. ω is said to be e-free (or not any kind of e-th power) if e and (qn − 1)/ord(ω) are
relatively prime, or equivalently, for any d|e and v ∈ F∗qn , ω = vd implies d = 1. It is easy to see that ω ∈ F∗qn is a primitive
element if and only if ω is (qn − 1)-free. The following gives a characteristic function of an e-free element.
Lemma 3 ([10]). Let e|qn − 1 and ω ∈ F∗qn . Then we have
Pe(ω) = ϕ(e)e
∑
d|e
µ(d)
ϕ(d)
∑
χ (d)
χ (d)(ω) =
{
1 if ω is e-free;
0 otherwise.
whereµ(·) is the Möbius function and ϕ(·) is the Euler function, χ (d) runs through all the ϕ(d)multiplicative characters over F∗qn
with order d.
Next we will give a characteristic function to judge whether an element ω ∈ Fqn is normal over Fq or not.
Let f (x) = a0+a1x+· · ·+amxm ∈ Fq[x]. Define the linearizedpolynomial of f over Fq, to be f τ (x) = a0x+a1xq+· · ·+amxqm .
Consider the group of all additive characters of Fqn denoted by
Fˆqn = {ψα|ψα(x) = ψn(αx) for all x ∈ Fqn , α ∈ Fqn},
whereψ is the canonical additive character of Fq. For anyψα ∈ Fˆqn , we define the Fq-order ofψα , denoted by Ord(ψα), to be
the least degree monic polynomial g(x) ∈ Fq[x] such that ψα(gτ (x)) = 1 for all x ∈ Fqn . It is easily verified that the order of
each additive character ψα ∈ ˆFqn is a divisor of xn − 1. Especially, Ord(ψα) = 1 iff α = 0. For any monic g|xn − 1, define
Γg = {α|α ∈ Fqn , ψα is an additive character with Fq-order g}. (1)
There are exactly ϕq(g(x)) number of additive characters with Fq-order g(x), where ϕq(·) is the Euler function for the
polynomial ring Fq[x].
Let α ∈ Fqn . The Fq-order of α, denoted also by Ord(α), is defined as the least degree monic polynomial g(x) such that
gτ (α) = 0. Similarly it can be easily verified that g(x) does exist and g(x)|xn − 1.
Let f be amonic divisor of xn−1 andω ∈ Fqn .ω is said to be f -free (or not any kind of f th multiple) if f and (xn−1)/Ord(ω)
are relatively prime (or if for any monic polynomial h|f and v ∈ Fqn , ω = hτ (v) implies h = 1). It is known that ω is
(xn − 1)-free implies that ω is a normal element of Fqn over Fq. The following lemma gives a character function of an f -free
element.
Lemma 4 ([10]). Let f be a monic divisor of xn − 1, ψn be the canonical additive character of Fqn and ω ∈ Fqn . Then we have
Nf (ω) = ϕq(f )qdeg f
∑
g|f
µq(g)
ϕq(g)
∑
αg∈Γg
ψn(αgω) =
{
1 if ω is f − free;
0 otherwise.
where µq(·), ϕq(·) denote the Möbius function and the Euler function respectively, for the polynomial ring Fq[x], Γg is defined
by (1).
3. Problem reduction and estimates
In what follows, we will abbreviate Trqn|q(·), Normqn|q(·) to Tr(·) and Norm(·) respectively without confusion.
We first translate the existence of a primitive normal polynomialwith the last two coefficients prescribed to the existence
of a primitive normal element solution of some system of equations over finite fields.
Theorem 5. Let Fq be a finite field with q elements. Suppose that for any element a ∈ Fq and any primitive element b ∈ F∗q , there
exists a primitive normal element solution of the following system of equations{
Tr(x−1) = b−1a,
Norm(x) = b. (2)
Then there exists a primitive normal polynomial f (x) = xn−σ1xn−1+ · · ·+ (−1)n−1σn−1x+ (−1)nσn over Fq with the last two
coefficients σn−1 = a and σn = b.
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Proof. Let ω be a primitive normal element solution of (2) and f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nb be its
minimal polynomial. Consider the reciprocal polynomial f ∗(x) = (−1)nb−1xnf ( 1x ) = xn − σn−1b xn−1 + · · · + (−1)n−1 σ1b x+
(−1)nb−1. Then ω−1 is a root of f ∗(x) and Tr(ω−1) = σn−1b = b−1a, i.e., σn−1 = a. This finishes the proof. 
Next we will try to estimate the number of primitive normal element solutions of the system of equations (2), which we
denote by Na,b.
We first give some lemmas for later use.
Definition 6. Let Q be the largest integer such that Q |qn−1 and gcd(Q , q−1) = 1.We call Q the (q−1)-free part of qn−1.
Lemma 7. Let χ be a multiplicative character of Fqn , and χ |Fq be its restriction to Fq. Suppose that ord(χ)| q
n−1
q−1 . Then χ |Fq is a
trivial multiplicative character of Fq.
Proof. Let F∗qn =< g >, then F∗q =< g∗ >, where g∗ = g
qn−1
q−1 . For any c ∈ F∗q , c = (g∗)l = g
qn−1
q−1 l for some 0 ≤ l ≤ q− 2.
Suppose that for any 0 ≤ s ≤ qn − 2, χ(g s) = e2pi ijs/qn−1 for some 0 ≤ j ≤ qn − 2. Then χ(c) = e2pi ijl/q−1, i.e., χ |Fq is a
trivial multiplicative character if and only if j ≡ 0 mod q− 1. On the other hand, suppose that ord(χ) = d, i.e., χd a trivial
multiplicative character of F∗qn . This means jd ≡ 0 mod qn − 1. Since d| q
n−1
q−1 , we must have j ≡ 0 mod q − 1, i.e., χ |Fq is a
trivial multiplicative character of Fq. 
Lemma 8. Suppose Q be the (q−1)-free part of qn−1 and d|Q . Let χ be a multiplicative character of F∗q and χn = χ ◦Norm be
the lifted multiplicative character of F∗qn , χ
(d) be a multiplicative character of F∗qn with order d. Then χ
(d) ·χn is a trivial character
of F∗qn if and only if d = 1 and χ = χ0.
Proof. It is obvious that χ (d) · χn = χ0 if χ = χ0, d = 1. Suppose that χ (d) · χn = χ0. Then χ (d) = χ−1n which implies
d = ord(χ (d)) = ord(χ−1n ) = ord(χn) = ord(χ)|q − 1. From d|Q , d|q − 1 we have d|1 = gcd(Q , q − 1), i.e., d = 1 and
χ = χ0. 
Lemma 9 ([5]). Let Q be the (q − 1)-free part of qn − 1. An element ω ∈ F∗qn is primitive if and only if Norm(ω) is primitive
element of F∗q and Q |ord(ω).
Next we continue to estimate Na,b. We consider a general case. Define
T = {τ = (t, T ) : t|Q , T |xn − 1}.
For any τ = (t, T ) ∈ T , let Na,b(τ ) = Na,b(t, T ) be the number of elements ω ∈ F∗qn such that
1. ω is a solution of Eq. (2);
2. ω is t-free;
3. ω is T -free.
From Lemma 9, Na,b = Na,b(Q , xn − 1). We next estimate Na,b(τ ).
Let ψ be the canonical additive character of Fq. From Lemmas 1, 3 and 4,
q(q− 1)Na,b(τ ) =
∑
ω∈F∗qn
∑
c∈Fq
ψ(c(Tr(ω−1)− ab−1))
∑
χ∈Fˆ∗q
χ
(
Norm(ω)
b
)
Pt(ω)NT (ω)
= θ(τ )
∑
d|t
∑
D|T
µ(d)
ϕ(d)
µq(D)
ϕq(D)
∑
χ∈Fˆ∗q
χ(b−1)
∑
χ (d)
∑
αD∈ΓD
∑
c∈Fq
ψ(−cab−1)
×
∑
ω∈F∗qn
ψn(cω−1 + αDω)(χ (d) · χn)(ω),
where ψn = ψ ◦ Tr is the canonical additive character of Fqn , χn = χ ◦ Norm is the lifted multiplicative multiplicative
character, χ (d) runs across all the multiplicative character of Fqn with order d, ψαD runs across all the additive character of
Fqn with Fq-order D, and
θ(τ ) = ϕ(t)
t
ϕq(T )
qdeg T
.
Denote
Λc,αD,χ (d),χ =
∑
ω∈F∗qn
ψn(cω−1 + αDω)(χ (d) · χn)(ω),
Θd,D(c, χ) = µ(d)
ϕ(d)
µq(D)
ϕq(D)
χ(b−1)
∑
χ (d)
∑
αD∈ΓD
ψ(−cab−1)Λc,αD,χ (d),χ .
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and
Θd,D =
∑
χ∈Fˆ∗q
∑
c∈Fq
Θd,D(c, χ).
Theorem 10. Let the notations be defined as above. Then
q(q− 1)Na,b(τ ) = θ(τ )
∑
d|t
∑
D|T
Θd,D. (3)
Moreover,
1. Suppose a = 0.
• Suppose that (d,D) = (1, 1). Then
|Θ1,1| ≥ qn − q. (4)
• Suppose that (d,D) 6= (1, 1). Then
|Θd,D| ≤ 3(q− 1)q n2 . (5)
2. Suppose a 6= 0.
• Suppose that (d,D) = (1, 1). Then
|Θ1,1| ≥ qn − (q− 1)q n+12 − 1. (6)
• Suppose that (d,D) 6= (1, 1). Then
|Θd,D| ≤ 2(q− 1)q n+12 + (q− 1)q n2 . (7)
Proof. From Lemma 8,Λc,αD,χ (d),χ = qn − 1 if and only if (d,D, c, χ) = (1, 1, 0, χ0).
1. Suppose that (d,D, c, χ) = (1, 1, 0, χ0). Then
Θ1,1(0, χ0) = qn − 1. (8)
2. Suppose c = 0.
• Suppose (d,D) = (1, 1), χ 6= χ0.∑
χ∈Fˆ∗q ,χ 6=χ0
Θ1,1(0, χ) =
∑
χ∈Fˆ∗q ,χ 6=χ0
χ(b−1)
∑
ω∈F∗qn
χn(ω) = 0. (9)
• Suppose (d,D) 6= (1, 1). From Lemma 2,
|Λc,αD,χ (d),χ | =
∣∣∣∣∣∣
∑
ω∈F∗qn
ψn(αDω)(χ
(d) · χn)(ω)
∣∣∣∣∣∣ ≤ q n2 .
Since the number of multiplicative characters of Fqn with order d is ϕ(d) and the number of additive characters of Fqn
with Fq-order D is ϕq(D), we have∣∣∣∣∣∣
∑
χ∈Fˆ∗q
Θd,D(0, χ)
∣∣∣∣∣∣ ≤ (q− 1)q n2 . (10)
3. Suppose c 6= 0.∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ) = µ(d)
ϕ(d)
µq(D)
ϕq(D)
∑
χ∈Fˆ∗q
χ(b−1)
∑
c∈F∗q
ψ(−cab−1)
∑
χ (d)
∑
αD∈ΓD
∑
ω∈F∗qn
ψn(cω−1 + αDω)(χ (d) · χn)(ω).
Let ω∗ = c−1ω, α∗D = cαD. It is easy to check that ω∗, α∗D runs through F∗qn , ΓD respectively when ω, αD runs through F∗qn ,
ΓD. So∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ) = µ(d)
ϕ(d)
µq(D)
ϕq(D)
∑
χ∈Fˆ∗q
χ(b−1)
∑
χ (d)
∑
α∗D∈ΓD
∑
c∈F∗q
ψ(−cab−1)(χ (d) · χn)(c)
×
∑
ω∗∈F∗qn
ψn(ω
∗−1 + α∗Dω∗)(χ (d) · χn)(ω∗).
As d | Q , from Lemma 7, χ (d)|F∗q is a trivial character. Then∑
c∈F∗q
ψ(−cab−1)(χ (d) · χn)(c) =
∑
c∈F∗q
ψ(−cab−1)χn(c).
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• Suppose a = 0. Notice that for χ 6= χ0,∑c∈F∗q χn(c) = 0.
– Suppose (d,D) = (1, 1).∑
χ∈Fˆ∗q
∑
c∈F∗q
Θ1,1(c, χ) =
∑
χ∈Fˆ∗q
χ(b−1)
∑
c∈F∗q
χn(c)
∑
ω∗∈F∗qn
ψn(ω
∗−1)χn(ω∗)
=
∑
c∈F∗q
∑
ω∗∈F∗q
ψn(ω
∗−1) = −(q− 1). (11)
– Suppose (d,D) 6= (1, 1).∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ) = µ(d)
ϕ(d)
µq(D)
ϕq(D)
∑
c∈F∗q
∑
χ (d)
∑
α∗D∈ΓD
∑
ω∗∈F∗qn
ψn(ω
∗−1 + α∗Dω∗)χ (d)(ω∗).
From Lemma 2 we have∣∣∣∣∣∣
∑
ω∗∈F∗qn
ψn(ω
∗−1 + α∗Dω∗)χ (d)(ω∗)
∣∣∣∣∣∣ ≤ 2qn/2.
Then we have∣∣∣∣∣∣
∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ)
∣∣∣∣∣∣ ≤ 2(q− 1)q n2 . (12)
• Suppose a 6= 0.∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ) = µ(d)
ϕ(d)
µq(D)
ϕq(D)
∑
χ (d)
∑
α∗D∈ΓD
∑
χ∈Fˆ∗q
χ(b−1)
∑
c∈F∗q
ψ(−cab−1)χn(c)Λ1,α∗D,χ (d),χ .
Since a 6= 0, from Lemma 2, we have∣∣∣∣∣∣
∑
c∈F∗q
ψ(−cab−1)χn(c)
∣∣∣∣∣∣ ≤ q1/2.
– Suppose that (d,D) = (1, 1).Then∣∣∣Λ1,α∗D,χ (d),χ ∣∣∣ =
∣∣∣∣∣∣
∑
ω∗∈F∗qn
ψn(ω
∗−1)χn(ω∗)
∣∣∣∣∣∣ ≤ qn/2,
So ∣∣∣∣∣∣
∑
χ∈Fˆ∗q
∑
c∈F∗q
Θ1,1(c, χ)
∣∣∣∣∣∣ ≤ (q− 1)q n+12 . (13)
– Suppose (d,D) 6= (1, 1). Then
|Λ1,α∗D,χ (d),χ | ≤ 2q
n/2.
So ∣∣∣∣∣∣
∑
χ∈Fˆ∗q
∑
c∈F∗q
Θd,D(c, χ)
∣∣∣∣∣∣ ≤ 2(q− 1)q n+12 . (14)
We finally get Eq. (4) by Eqs. (8), (9), (11), Eq. (5) by Eqs. (10), (12), Eq. (6) by Eqs. (8), (9), (13) and Eq. (7) by
Eqs. (10), (14). 
4. Sieve techniques and computation
In this section, we will give a new version of Cohen’s sieve techniques which acts on both Q and xn − 1 to check when
Na,b = Na,b(Q , xn − 1) > 0. The new introduced technique makes the computation easier than those in [7] and to cover
more cases n = 5, 6.
4.1. The sieve techniques
For any τ = (t, T ) ∈ T , from the characteristic functions of t-free and T -free, it is obvious that Na,b(τ ) depends only
on the square-free part of t and T , i.e., the set of distinct primes of t and the set of irreducible factors of T . So we define the
atoms of τ to be the set of all distinct primes of t and all irreducible factors of T . In fact, if τ1 and τ2 have the same atoms,
then pi(τ1) = pi(τ2).
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Let τ = (t, T ) ∈ T (assume that it is square-free). τD = (tD, TD) is called a divisor of τ if tD|t, TD|T . Given r ≥ 1, divisors
τ1 = (t1, T1), τ2 = (t2, T2), . . . , τr = (tr , Tr) of τ are called complementary divisors of τ with common divisor τ0 = (t0, T0)
if the atoms of lcm{τ1, τ2, . . . , τr} are precisely those of τ , and for any distinct pair of (i, j)1≤i6=j≤r , the atoms of gcd(τi, τj)
are precisely those of τ0.
Next we give a lemma from [1].
Lemma 11 ([1]). Let τ1, τ2, . . . , τr be the complementary divisors of τ ∈ T with common divisor τ0. Then
Na,b(τ ) ≥
(
r∑
i=1
Na,b(τi)
)
− (r − 1)Na,b(τ0).
Next we give some conditions to decide whether Na,b(Q , xn − 1) > 0 or not.
Given τ = (Q , xn − 1). Denote Q and xn − 1 the square-free part of Q and xn − 1 respectively. We call (s0, p1, . . . , ps) a
decomposition of Q if Q = p1 · · · ps0ps0+1 · · · ps, where p1 < · · · < ps are all prime factors of Q . On the other hand, we call
(l0,M1, . . . ,Ml) a decomposition of xn − 1 if xn − 1 = M1 · · ·Ml0Ml0+1 · · ·Ml, whereM1, . . . ,Ml’s are all monic irreducible
factors of xn − 1, deg(M1) ≤ · · · ≤ deg(Ml). For simplicity, denote sˆ = s− s0, lˆ = l− l0.
Next we give some complementary divisors of (Q , xn − 1).
Proposition 12. Assume that (s0, p1, . . . , ps) is a decomposition of Q and (l0,M1, . . . ,Ml) is a decomposition of xn − 1.
1. For a 6= 0, suppose that the Inequalities (16) and (17) hold or Inequalities (19) and (20) hold or Inequality (22) holds. Then
Na,b(Q , xn − 1) > 0 for all 0 6= a ∈ Γk, b ∈ Γ ∗k a primitive element.
2. For a = 0, suppose that the Inequalities (16) and (18) hold or Inequalities (19) and (21) hold or Inequality (23) holds.Then
N0,b(Q , xn − 1) > 0 for all primitive elements b ∈ Γ ∗k .
Proof. Denote M0 = M1 · · ·Ml0 , t0 = p1 · · · ps0 . For 1 ≤ i ≤ sˆ = s − s0, let τi = (t0ps0+i,M0). For 1 ≤ i ≤ lˆ = l − l0, let
τs−s0+i = (t0,M0Ml0+i). Then τ1, τ2, . . . , τsˆ+lˆ is a set of complementary divisors of τ = (Q , xn − 1) with common divisor
τ0 = (t0,M0). From Lemma 11, we have
q(q− 1)Na,b(τ ) ≥ θΘ1,1 +
∑
d|t0,D|M0
(d,D)6=(1,1)
Θd,D +
r∑
i=1
θ(τi)
∑
(d,D)|τi
(d,D)-τ0
Θd,D, (15)
where
θ =
r∑
i=1
θ(τi)− (r − 1)θ(τ0).
Denote the product of all atoms of τi by Prod(τi) and let ρi = Prod(τi)/Prod(τ0). Then θ(τi) = θ(τ0)θ(ρi), ω(τi) =
ω(τ0)+ ω(ρ0). Furthermore,
θ(ρi) = θ(ps0+i) =
ps0+i − 1
ps0+i
for 1 ≤ i ≤ sˆ,
and
θ(ρsˆ+i) = θ(Ml0+i) =
qdeg(Ml0+i) − 1
qdeg(Ml0+i)
for 1 ≤ i ≤ lˆ.
On the other hand, ω(ρi) = 1 for 1 ≤ i ≤ sˆ+ lˆ. Suppose that
θ∗ =
sˆ+lˆ∑
i=1
θ(ρi)− (sˆ+ lˆ− 1) = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdegMi
> 0, (16)
i.e., θ = θ∗θ(τ0) > 0. From Theorem 10 and Inequality (15), it is easy to check that if
q
n−1
2 >
(
lˆ+ sˆ− 1
θ∗
+ 2
)
· 2s0+l0 · (q− 1) ·
(
2+ 1√
q
)
, (17)
then Na,b(Q , xn − 1) > 0 for a 6= 0; On the other hand, if
q
n
2 >
(
lˆ+ sˆ− 1
θ∗
+ 2
)
· 2s0+l0 · (3q− 3), (18)
then N0,b(Q , xn − 1) > 0.
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Table 1
The possible exceptions of q > n, n ≥ 5.
a 6= 0 a = 0
n = 5 q = 7, 8, 9, 11, 16
n = 6 q = 7, 9, 11, 13 q = 7
(q, n) (8, 7), (9, 8)
Consider the following two special cases for later use.
1. Suppose t0 = Q , i.e., s0 = s. In this case, suppose
θ∗ = 1−
l∑
i=l0+1
1
qdegMi
> 0. (19)
For a 6= 0, if
q
n−1
2 >
 l− l0 − 1
1−
l∑
i=l0+1
1
qdegMi
+ 2
 · 2l0+ω(Q ) · (q− 1) ·
(
2+ 1√
q
)
, (20)
then Na,b(Q , xn − 1) > 0; For a = 0, if
q
n
2 >
 l− l0 − 1
1−
l∑
i=l0+1
1
qdegMi
+ 2
 · 2l0+ω(Q ) · (3q− 3), (21)
then N0,b(Q , xn − 1) > 0.
2. Suppose t0 = Q , s0 = xn − 1. For a 6= 0, if
q
n−1
2 > 2ω(Q )+ω(x
n−1) · (q− 1) ·
(
2+ 1√
q
)
, (22)
then Na,b(Q , xn − 1) > 0. For a = 0, if
q
n
2 > 2ω(Q )+ω(x
n−1) · (3q− 3), (23)
then N0,b(Q , xn − 1) > 0.
This finishes the proof. 
In the next subsections, we will check different Inequality(ies) for different cases. We deal with the cases q > n and
q ≤ n in Sections 4.2 and 4.3 respectively.
4.2. Computation I: q > n
We first give an upper bound for ω(Q ) for later use. From Lemma 2.6 of [8], if l > 1 is an integer andΛ is a set of primes
less than l such that each prime divisor r < l of Q is contained in Λ, then with L = L(Λ) = ∏s∈Λ s and |Λ| being the
cardinality ofΛ it holds that
ω(Q ) ≤ log(Q )− log L
log l
+ |Λ|. (24)
Theorem 13. Let n ≥ 5 be a positive integer and q a prime power such that q > n. For any a ∈ Fq and any primitive element
b ∈ F∗q , there exists a primitive normal polynomial of degree n over Fq with the last two coefficients prescribed as a, b except the
following possible (q, n, a) listed in Table 1.
Proof. First we consider when Inequalities (19) and (20) hold for a 6= 0 and Inequalities (19) and (21) hold for a = 0. Since
Inequality (20) implies Inequality (21), we only need to consider when Inequalities (19) and (20) hold. ChooseM0 = 1, i.e.,
l0 = 0. It is easy to see that l = w(xn − 1) ≤ n and deg(Mi) ≥ 1 for 1 ≤ i ≤ l. Since q > n, then
θ∗ = 1−
l∑
i=1
1
qdegMi
≥ 1− n
q
> 0.
4510 S. Fan, X. Wang / Discrete Mathematics 309 (2009) 4502–4513
Table 2
The bounds of q(n).
n 5 6 7 8 9 10 11 12 13 14 ≥15
q(n) 4.7× 109 143096 3891 614 198 93 52 34 24 18 ≤15
Since (
l− 1
θ∗
+ 2
)
≤ n− 1
1− n/q + 2 =
qn+ q− 2n
q− n ≤ n
2 + 1,
so if
q
n−1
2 > (n2 + 1) · (q− 1) · 2ω(Q ) ·
(
2+ 1√
q
)
, (25)
then Inequalities (19) and (20) hold. From Inequality (24), we only need to check
log q
2
n− logQ
log l
− log(q− 1)− 1
2
log q > log(n2 + 1)+ |Λ| − log L
log l
+ log
(
2+ 1√
q
)
. (26)
For n ≥ 5, we choose l = 72 and letΛ be the set of all primes less than l. Notice that Q ≤ qn − 1/q− 1, we finally get that
Inequality (26) does not hold implies q ≤ q(n), where q(n)’s are listed in Table 2. Next we continue to consider the case
q ≤ q(n). We consider the cases n ≥ 15 and n = 5, 6, . . . , 14 respectively.
1. Suppose n ≥ 15. From Table 2, the possible exceptions in this case are q ≤ 15 ≤ n, which deduce a contradiction with
q > n. So there is no exception in this case.
2. Suppose n = 5, 6, . . . , 14. In these cases, we consider when Inequalities (16) and (17) hold for a 6= 0 and Inequalities
(16) and (18) hold for a = 0. Since Inequality (17) implies Inequality (18), we only need to consider when Inequalities
(16) and (17) hold. Let M0 = 1, i.e., l0 = 0. Denote by d1 and DS2 the number of distinct irreducible factors of xn − 1 of
degree 1, and degree≥ 2 over Fq respectively and l = ω(xn − 1). Then
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=1
1
qdegMi
≥ 1−
s∑
i=s0+1
1
pi
− d1
q
− DS2
q2
> 0, (27)
q
n−1
2 >
 l+ s− s0 − 1
1−
s∑
i=s0+1
1
pi
− d1q − DS2q2
+ 2
 · 2s0 · (q− 1) ·
(
2+ 1√
q
)
(28)
imply Inequalities (16) and (17). Since DS2 ≤ n−d12 , it is easy to check that d1/q + DS2/q2 ≤ n/q and l ≤ n. So we only
need to consider the worst case (d1,DS2, l) = (n, 0, n). We discuss the cases n prime and n composite respectively.
Suppose n is a prime, i.e., n = 5, 7, 11, 13. For an odd prime n, suppose that h|Q , h a prime. From Fermat’s little
theorem, we have h|qh−1 − 1. Since h|Q |qn − 1, we have h|qgcd(n,h−1) − 1. On the other hand, gcd(n, h − 1) = 1 or n. If
gcd(n, h − 1) = 1, i.e., h|q − 1, then it contradicts with gcd(Q , q − 1) = 1. So gcd(n, h − 1) = n, i.e., h = 2nk + 1 for
some positive integer k. We take n = 5 as an example to illustrate the sieve process in these cases. From Table 2, we only
need to consider the case q ≤ 4.7× 109 which implies ω(Q ) ≤ 18. In fact, if ω(Q ) ≥ 19, then
Q ≥ 11× 31× 41× 61× · · · × 401× 421︸ ︷︷ ︸
19primes
>
qn − 1
q− 1 ≥ Q .
Let s0 = 0. It is easy to check if q ≥ 71, then
1− d1
q
− DS2
q2
−
s∑
i=s0+1
1
pi
≥ 1− 5
q
−
18∑
i=1
1
P ′[i] = 0.6877726 > 0
and
q
n−1
2 ≥ (71) n−12 >
(
22
0.6877726
+ 2
)
· (q− 1) ·
(
2+ 1√
q
)
,
where P ′[i] is the ith prime of the form 10k + 1. So Inequalities (27) and (28) hold. Next we consider the case q ≤ 70,
which impliesω(Q ) ≤ 4. Repeat the above steps as we deal with the caseω(Q ) ≤ 18. We finally get Na,b(Q , xn− 1) ≤ 0
implies q ≤ 29. The other cases n = 7, 11, 13 are similar and the process of the sieve techniques are listed in Table 3.
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Table 3
The sieve process: q > n, n = 5, 7, 11, 13.
n = 5 n = 7 n = 11 n = 13
w s0 q w s0 q w s0 q w s0 q
18 0 70 10 0 11 7 0 12 7 0 13
4 0 29 3 0 10 5 0 11
Table 4
The sieve process: q > n, n = 6, 8, 9, 10, 12, 14.
n = 6 n = 8 n = 9 n = 10 n = 12 n = 14
w s0 q w s0 q w s0 q w s0 q w s0 q w s0 q
19 3 124 16 4 26 15 5 19 14 6 16 14 9 15 14 10 15
10 3 65 10 4 20 10 5 16 10 6 14
Table 5
The bounds of ωq(xn − 1).
q q = 2 q = 3 q = 4 q = 5 q = 7, 8, 9, 11, 13 q ≥ 16
jq 5 3 3 3 2 2
αq 1/5 1/3 1/3 1/3 1/2 3/4
βq 14/5 7/3 4 6 (q− 1)/2 0
Suppose n is a composite number, i.e., n = 6, 8, 9, 10, 12, 14. In these cases, the prime factors of Q have no special form.
We take n = 6 as an example. Reconsider q ≤ 143 096 which impliesω(Q ) ≤ 19. First we assumeω(Q ) ≥ 3. Let s0 = 3.
It is easy to check that if q ≥ 125, then
1− d1
q
− DS2
q2
−
s∑
i=s0+1
1
pi
≥ 1− 6
q
−
19∑
i=4
1
P[i] = 0.2565509 > 0
and
q
n−1
2 ≥ (125) n−12 >
(
21
0.2565509
+ 2
)
· 2s0 · (q− 1)
(
2+ 1√
q
)
,
where P[i] is the ith prime. So Inequalities (27) and (28) hold. On the other hand, ifω(Q ) ≤ 2, q ≥ 125 implies Inequality
(20), Inequality (21) holds (with l0 = 0). In both cases, we have if q ≥ 125, then Na,b(Q , xn − 1) > 0. Next we consider
the case q ≤ 124, n = 6 which implies ω(Q ) ≤ 10. Repeat the above steps as we deal with the case ω(Q ) ≤ 19. Finally,
we get that Na,b(Q , xn − 1) ≤ 0 implies q ≤ 65. The other cases are similar and the process of the sieve techniques are
listed in Table 4.
For the possible exceptions listed in Tables 3 and 4, let (s0, l0) = (0, 0) for n = 5 (7 ≤ q ≤ 29), n = 6 (7 ≤ q ≤ 64),
(s0, l0) = (0, 1) for n = 7 (q = 8, 9), (s0, l0) = (1, 1) for n = 8 (9 ≤ q ≤ 19), (s0, l0) = (0, 0) for n = 9 (q = 11, 13, 16),
(s0, l0) = (0, 4) for n = 10 (q = 11, 13), (s0, l0) = (0, 5) for n = 12 (q = 13). Factor Q and xn − 1 to check whether
the Inequalities (16) and (17) hold for a 6= 0, and whether the Inequalities (16) and (18) hold for a = 0. We finally get the
following possible exceptions (q, n, a) listed in Table 1. This finishes the proof. 
4.3. Computation II: q ≤ n
In this subsection, we deal with the case q ≤ n. We first give an upper bound ofω(xn−1). To avoid confusion, we rewrite
ωq(xn − 1) to denote the number of distinct irreducible factors of xn − 1 over Fq.
Lemma 14. Let ωq(xn − 1) be defined as above. Then we have ωq(xn − 1) ≤ αqn+ βq, where αq, βq are listed in Table 5.
Proof. For i = 1, 2, . . . , denote by dq(i), DSq(i) the number of monic irreducible divisors of xn − 1 of degree i and
degree ≥ i over Fq respectively and Nq(i) the number of monic irreducible polynomials of degree i over Fq. Since q ≤ n,
dq(1) = (n, q− 1) ≤ min{q− 1, n/2}, dq(i) ≤ Nq(i) and DSq(i) ≤ (n−∑i−1k=1 kdq(k))/i for i ≥ 2. Then for 1 ≤ j ≤ n,
ωq(xn − 1) =
j−1∑
i=1
dq(i)+ DSq(j) = nj +
j−1∑
i=1
(j− i)dq(i) ≤ nj +
(j− 1)dq(1)
j
+
j−1∑
i=2
(j− i)Nq(i).
For different q, we choose different j = jq and get the above bounds, where jq, αq, βq are listed in Table 5. 
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Table 6
The possible exceptions of q ≤ n, n ≥ 5.
q a 6= 0 a = 0
2 n = 5, 6, 7, 8, 9, 10, 12 n = 5, 6, 7, 8, 9, 10, 12
3 n = 5, 6, 8 n = 5, 6, 8
4 n = 5, 6, 9 n = 5, 6
5 n = 5, 6, 8 n = 6, 8
Table 7
The bounds of nq .
q 2 3 4 5 7 8 9 11 13 16 17 ≥19
nq 74 54 38 34 29 27 26 24 23 19 19 18
Theorem 15. Let n ≥ 5 be a positive integer and q a prime power such that q ≤ n. For any a ∈ Fq and any primitive element
b ∈ F∗q , there exists a primitive normal polynomial of degree n over Fq with the last two coefficients prescribed as a, b except the
following possible (q, n, a) listed in Table 6.
Proof. In this case, we first consider when Inequality (22) holds for a 6= 0 and Inequality (23) holds for a = 0. Since
Inequality (22) implies Inequality (23), we only need to consider when Inequality (22) holds. From Lemma 14 and Inequality
(24), we only need to check(
log q
2
− αq
)
n− logQ
log l
> log(q− 1)+ 1
2
log q− log L
log l
+ |Λ| + βq + log
(
2+ 1√
q
)
(29)
holds for some suitable choice of l, Λ, αq, βq. Let αq, βq be defined as in Table 5. Choose l = 68 and let Λ be the set of all
primes less than l. It is easy to check that for different q, Inequality (29) holds for n > nq, where nq’s are listed in Table 7. So
there is no exception for q ≥ 19.
Next we consider those q ≤ 17, n ≤ nq. In these cases, we discuss when Inequalities (16) and (17) or (16) and (18) hold.
Since Inequality (17) implies Inequality (18), we only need to consider when Inequalities (16) and (17) hold. For any given
positive integer jq, letM0 be the product of all distinctmonic irreducible factors of degree≤ jq of xn−1,DSjq+1 be the number
of all distinct monic irreducible factors of degree≥ jq + 1 of xn − 1, l0 = ω(M0). Then DSjq+1 ≤ b njq+1c. Suppose that
1−
s∑
i=s0+1
1
pi
− DSjq+1
qjq+1
≥ 1−
s∑
i=s0+1
1
pi
−
b njq+1c
qjq+1
> 0, (30)
and
q
n−1
2 >
 s− s0 + b
n
jq+1c − 1
1−
s∑
i=s0+1
1
pi
− b
n
jq+1 c
qjq+1
+ 2
 · 2s0+l0 · (q− 1) ·
(
2+ 1√
q
)
. (31)
Then Inequalities (16) and (17) hold. Next we consider when Inequalities (30) and (31) hold for q ≤ 17. Take q = 2 as an
example. We first choose jq = 4. For q = 2, q2 − 1 = 3, q3 − 1 = 7, q4 − 1 = 15.Then d2(1) = 1, d2(2) ≤ 1, d2(3) ≤
2, d2(4) ≤ 3, i.e., l0 ≤ 7,where d2(i) is the number of irreducible polynomial of xn − 1 with degree i over F2. On the other
hand, n2 ≤ 74 implies ω(Q ) ≤ 17 since 2 - Q . Let s0 = 4. Since 2 - Q ,
1−
s∑
i=s0+1
1
pi
− DSjq+1
qjq+1
≥ 1−
18∑
i=6
1
P[i] −
b 745 c
25
= 0.100817 > 0,
where P[i] is the ith prime. It is easy to check that if n > nq = 41, i.e., n ≥ 42, then
q
n−1
2 ≥ 2 42−12 >
(
26
0.100817
+ 2
)
· 211 ·
(
2+ 1√
q
)
and thus Inequalities (30) and (31) hold. On the other hand, ifω(Q ) < 4, then n ≥ 42 implies that Inequality (20) holds. Next
we consider the case n ≤ nq = 41 which implies ω(Q ) ≤ 10, repeat the above steps as we deal with the case ω(Q ) ≤ 17,
we get that Na,b(Q , xn − 1) ≤ 0 implies n ≤ 34. For n ≤ 34, i.e., ω(Q ) ≤ 9, choose jq = 3, then l0 ≤ 1 + 1 + 2 = 4. Let
s0 = 3, we finally get that Na,b(Q , xn − 1) ≤ 0 implies n ≤ nq = 30. The other cases are similar and the processes of the
sieve techniques are listed in Table 8. Notice that for q = pk, any prime factor of q− 1 and p are not prime divisors of Q .
S. Fan, X. Wang / Discrete Mathematics 309 (2009) 4502–4513 4513
Table 8
The sieve process: 2 ≤ q ≤ 19, q ≤ n.
w s0 jq l0 nq w s0 jq l0 nq w s0 jq l0 nq w s0 jq l0 nq
q = 2(2 - Q ) q = 3(2, 3 - Q ) q = 4(2, 3 - Q ) q = 5(2, 5 - Q )
17 4 4 7 41 17 7 2 5 29 16 2 2 9 21 16 6 1 4 19
10 2 4 7 34 10 2 2 5 20 10 4 1 3 17 10 2 1 4 14
9 3 3 4 30 8 1 2 5 18 8 2 1 3 15 8 2 1 4 13
q = 7(2, 3, 7 - Q ) q = 8(2, 7 - Q ) q = 9(2, 3 - Q ) q = 11(2, 5, 11 - Q )
16 1 1 6 14 16 2 1 7 14 16 2 1 8 14 16 2 1 10 13
8 1 1 6 12 10 1 1 7 12 10 0 1 8 12 10 1 1 10 12
q = 13(2, 3 - Q ) q = 16(2, 3, 5 - Q ) q = 17(2 - Q )
17 1 1 12 14 15 0 1 15 14 16 2 1 16 15
11 1 1 12 13
For the possible exceptions listed in Table 8, let (s0, l0) = (0, 2) for q = 2 (5 ≤ n ≤ 30), q = 3 (5 ≤ n ≤ 18, n 6= 7),
q = 4 (n = 9, 12, 15), (s0, l0) = (0, 4) for (q, n) = (5, 12), (s0, l0) = (0, 3) for (q, n) = (7, 12), (s0, l0) = (0, 0) for
the remaining cases, i.e., (q, n) = (3, 7), q = 4 (5 ≤ n ≤ 15, n 6= 9, 12, 15), q = 5 (5 ≤ n ≤ 13, n 6= 12), q = 7
(7 ≤ n ≤ 12, n 6= 12), q = 8, 9, 11 (q ≤ n ≤ 12), q = 13 (n = 13). Factor Q and xn − 1 to check whether the Inequalities
(16) and (17) hold for a 6= 0 and whether the Inequalities (16) and (18) hold for a = 0. We finally get the following possible
exceptions (q, n, a) listed in Table 6. This finishes the proof. 
5. Main result
For the possible exceptions (q, n, a) listed in Tables 1 and 6, and any primitive element b ∈ F∗q , we find at least a primitive
normal polynomial of degree n over Fq with the last two coefficients prescribed as a, b by computer search. So we finally get
the following main result.
Theorem 16. Let n ≥ 5 be a positive integer and q a prime power. For any given a ∈ Fq and b a primitive element of F∗q , there
exists a primitive normal polynomial f (x) = xn−σ1xn−1+· · ·+ (−1)n−1σn−1x+ (−1)nσn over Fq with the last two coefficients
σn−1 = a, σn = b.
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